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Abstract
In the framework of the superconformal tensor calculus for 4D N = 2 super-
gravity, locally supersymmetric actions are often constructed using the linear
multiplet. We provide a superform formulation for the linear multiplet and
derive the corresponding action functional using the ectoplasm method (also
known as the superform approach to the construction of supersymmetric in-
variants). We propose a new locally supersymmetric action which makes use of
a deformed linear multiplet. The novel feature of this multiplet is that it cor-
responds to the case of a gauged central charge using a one-form potential not
annihilated by the central charge (unlike the standard N = 2 vector multiplet).
Such a gauge one-form can be chosen to describe a variant nonlinear vector-
tensor multiplet. As a byproduct of our construction, we also find a variant
realization of the tensor multiplet in supergravity where one of the auxiliaries
is replaced by the field strength of a gauge three-form.
1 Introduction
In N = 2 Poincare´ supersymmetry in four space-time dimensions (4D), the linear
multiplet was introduced by Sohnius [1] as a superfield Lagrangian describing the
dynamics of matter hypermultiplets coupled to Yang-Mills superfields [2]. Following
[1, 3], the linear multiplet is a real isotriplet superfield, Lij = Lji and Lij = Lij :=
εikεjlL
kl, subject to the constraints
D(iαL
jk) = D¯
(i
α˙L
jk) = 0 . (1.1)
Here Diα and D¯
i
α˙ are the N = 2 spinor covariant derivatives with a real central charge
∆. The action proposed in [1] has the form
S = −
1
12
∫
d4x
(
Dα(iDj)α + D¯
(i
α˙ D¯
j)α˙
)
Lij
∣∣∣
θ=0
. (1.2)
It is invariant under the N = 2 super-Poincare´ transformations, including the central
charge one. The name ‘linear multiplet’ was coined by Breitenlohner and Sohnius
[3] because the decomposition of Lij into N = 1 superfields contains a real linear
multiplet [4] (which is the field strength of the N = 1 tensor multiplet [5]) in the case
that Lij is neutral under the central charge, ∆Lij = 0. Unlike the hypermultiplet,
demanding ∆Lij = 0 does not lead to an on-shell multiplet. The resulting off-shell
multiplet without central charge [6] is naturally interpreted as the field strength of
the massless N = 2 tensor multiplet [7].
The action (1.2) may be thought of as an N = 2 analogue of the chiral action
in N = 1 supersymmetry. As is well known, any N = 1 action can be rewritten
as a chiral one. The situation in N = 2 supersymmetry is similar. As stated by
Breitenlohner and Sohnius [3], all known Lagrangians (at that time) for rigid N = 2
supersymmetry can be generated from linear multiplets. Since the linear multiplet
was lifted to N = 2 supergravity [3], and then reformulated [8] within the N = 2
superconfomal tensor calculus [9, 10, 11], it has become a universal tool to construct
the component actions for supergravity-matter systems, especially within the locally
superconformal setting of [9, 10, 11].
In regard to the superspace practitioners, for a long time they had not expressed
much interest in the linear multiplet, since there had appeared more powerful methods
to construct off-shell supersymmetric actions using the harmonic [12, 13] and the
projective [14, 15] superspace approaches which are based on the use of superspace
R4|8×CP 1 pioneered by Rosly [16]. The situation changed in the mid-1990s when the
so-called vector-tensor multiplet [17] was re-discovered by string theorists [18] to be
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important in the context of string compactifications. This multiplet is analogous to
the Fayet-Sohnius multiplet [19, 1] in the sense that it possesses an intrinsic central
charge (i.e. the multiplet is on-shell if the central charge vanishes), and therefore
its dynamics (including its couplings to vector multiplets and supergravity) should
be described by a linear multiplet Lagrangian. The vector-tensor multiplet and its
nonlinear version [20, 21] have become the subject of various studies in flat superspace
[22, 23, 24, 25, 26, 27, 28]. In particular, a general harmonic superspace formalism for
4D N = 2 rigid supersymmetric theories with gauged central charge was developed
in [28]. Furthermore, a remarkable construction was given by Theis [29, 30]. He
proposed a new nonlinear vector-tensor multiplet with the defining properly that the
central charge is gauged using the vector field belonging to the multiplet (unlike the
approach of [28] which used an off-shell vector multiplet to gauge the central charge).
The action (1.2) can be represented as a superspace integral [24], but this requires,
in the case ∆Lij 6= 0, the use of harmonic superspace [12]. Introducing SU(2) har-
monics u+i and u−i according to [12], one can associate with L
ij the following analytic
superfield L++ := u+i u
+
j L
ij which is annihilated by D+α := u
+
i D
i
α and D¯
+
α˙ := u
+
i D¯
i
α˙.
Then, the action (1.2) is equivalent to
S =
∫
du dζ (−4)
(
θ+αθ+α + θ¯
+
α˙ θ¯
+α˙
)
L++ , (1.3)
where θ+α := u
+
i θ
i
α and θ¯
+
α˙ := u
+
i θ¯
i
α˙. The integration in (1.3) is carried over the
analytic subspace of the harmonic superspace. In particular, du denotes the left-right
invariant measure of SU(2), and
dζ (−4) =
1
16
d4xD−αD−α D¯
−
α˙ D¯
−α˙ , D−α := u
−
i D
i
α , D¯
−
α˙ := u
−
i D¯
i
α˙ . (1.4)
The supergravity extension of (1.3) was given in [31]
SSUGRA =
∫
du dζ (−4) V++5 L
++ . (1.5)
Here L++ denotes the curved-superspace version of the linear multiplet, while V++5 is
the harmonic prepotential of one of the two supergravity compensators – a vector mul-
tiplet which gauges the central charge. The action (1.5) is a locally supersymmetric
extension of the action introduced in [28]. The combination V ++5 := (θ
+)2 + (θ¯+)2 in
(1.3) can be interpreted as the analytic prepotential of a frozen vector multiplet with
constant field strength [28]. The functional (1.5) is extremely compact and geometric,
as compared with its component counterpart [8] (see eq. (3.40) below). Remarkably,
SSUGRA is a BF -type model invariant under gauge transformations of the form [31]:
δV++5 = −D
++λ , δL++ = λ∆L++ , (1.6)
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with λ an analytic gauge parameter, and D++ a harmonic gauge-covariant derivative
defined in [31]. Unfortunately, the above action is not yet useful for practical applica-
tions. The point is that the harmonic superspace formulation of N = 2 supergravity
was developed in terms of certain prepotentials [32, 33] (see also [13] for a review).
It is not known how to derive the prepotential description of [32, 33] from the three
existing superspace formulations for 4D N = 2 conformal supergravity [34, 35, 36].1
These formulations are realized in terms of covariant derivatives defined on a curved
N = 2 superspace. The difference between the three formulations lies in the structure
groups chosen. What is important is that all known multiplets with gauged central
charge in the presence of supergravity are realized in curved superspace in terms of
the supergravity covariant derivatives [38, 39], and not in terms of the harmonic pre-
potentials. Therefore, we need a reformulation of the linear multiplet action (1.5) that
is given solely in terms of the supergravity covariant derivatives. Such a reformulation
is given in the present paper.
Our work contains two main results. Firstly, we develop a superform formulation
for the linear multiplet in N = 2 conformal supergravity. This formulation is shown
to immediately lead to a locally supersymmetric action if we make use of the so-
called ectoplasm formalism [40, 41] (also known as the superform approach to the
construction of supersymmetric invariants).2 The action derived coincides with that
introduced in [8]. Secondly, we propose a new locally supersymmetric action which
makes use of a deformed linear multiplet. The novel feature of this multiplet is that it
corresponds to the case of the central charge being gauged using a one-form potential
which is not annihilated by the central charge (unlike the standard N = 2 vector
multiplet).
This paper is organized as follows. Section 2 describes a warm-up construction.
We start from a superform realization for the linear multiplet without a central charge
in 5D N = 1 Minkowski superspace, and use it to read off a superform formulation
for the linear multiplet in flat 4D N = 2 central charge superspace. In section 3 we
provide a superform formulation for the linear multiplet in N = 2 conformal super-
1As shown in [37], the formulation developed in [35] can be obtained from [34] by a partial gauge
fixing of the super-Weyl invariance. The latter formulation is a gauged-fixed version of the conformal
supergravity formulation developed in [36]. One can think of the formulation [36] as a master one.
Depending on a concrete application, it is convenient to use either [35] or [36].
2The mathematical construction underlying the ectoplasm formalism [40, 41] is a special case
of the theory of integration over surfaces in supermanifolds, see [42] and references therein. In the
physics literature, the idea to use closed super four-forms for the construction of locally supersym-
metric actions in 4D was, to the best of our knowledge, first given by Hasler [43] building on the
analysis in [44].
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gravity and derive the corresponding action functional using the ectoplasm method.
In section 4 we first review, following [45], the curved-superspace formulation for a
generalized N = 2 vector multiplet which gauges the central charge and is not inert
under the central charge transformations (unlike the standard N = 2 vector multi-
plet). We then develop a superform formulation for a deformed linear multiplet and
construct the associated locally supersymmetric action. The main body of the paper
is accompanied by two appendices. The first appendix is technical and devoted to a
brief summary of the superspace formulation for N = 2 conformal supergravity devel-
oped in [36] and slightly reformulated in [39]. The second appendix briefly describes
the ectoplasm formulation of the BF coupling in N = 1 conformal supergravity.
2 The linear multiplet in flat superspace
In this section, we briefly discuss the linear multiplet Lij in flat superspace and
describe its superform structure. It is well known that the linear multiplet in 4D with
a central charge is related to a linear multiplet in 5D without a central charge.3 We
will first describe the situation in 5D and then demonstrate its equivalence to the 4D
case with a central charge.
2.1 The linear multiplet in flat 5D superspace
We use the 5D superspace and gamma matrix conventions of [46], to which we
refer the reader. The algebra of 5D flat covariant derivatives4 is
{Diαˆ, D
j
βˆ
} = −2i εij(Γcˆ)αˆβˆ∂cˆ , [D
i
αˆ, ∂bˆ] = 0 , [∂aˆ, ∂bˆ] = 0 . (2.1)
The linear multiplet in 5D is encoded in a real linear superfield Lij = (Lij)
∗ which is
symmetric in its indices, Lij = Lji, and obeys the constraints
D
(i
αˆL
jk) = 0 . (2.2)
These constraints imply the existence of a conserved vector among the components
of Lij ,
V aˆ =
i
24
(Γaˆ)αˆβˆDαˆjDβˆkL
jk| , ∂aˆV
aˆ = 0 . (2.3)
3In 5D, a linear multiplet without central charge also has been called a tensor multiplet or an
O(2) multiplet in the literature, in analogy to the terminology used in 4D.
4The 5D flat covariant derivatives are D
Aˆ
= (∂aˆ, Dαˆ), where Dαˆ := D
i
αˆ. The dual basis of
one-forms is EAˆ = (Eaˆ, Eαˆ), where Eαˆ := Eαˆi .
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The conserved vector V aˆ is naturally dual to a closed four-form.
It is useful to introduce a superspace generalization of this four-form so that the
linearity constraint (2.2) appears naturally as a Bianchi identity. Let Σ̂ be a closed
four-form5 with a tangent frame expansion
Σ̂ =
1
4!
EDˆ ∧ ECˆ ∧ EBˆ ∧ EAˆ Σ̂AˆBˆCˆDˆ . (2.4)
The requirement that Σ̂ is closed, dΣ̂ = 0, amounts to the equations
0 = D[AˆΣ̂BˆCˆDˆEˆ} − 2T[AˆBˆ|
Fˆ Σ̂Fˆ |CˆDˆEˆ} , (2.5)
where the indices Aˆ · · · Eˆ are graded anti-symmetrized. Imposing the constraints
Σ̂αˆβˆγˆδˆ = 0 , Σ̂aˆβˆγˆδˆ = 0 , Σ̂aˆbˆ
i
αˆ
j
βˆ
= 4i(Σaˆbˆ)αˆβˆL
ij , (2.6)
for some real symmetric tensor Lij , we find that the Bianchi identities require (2.2)
and fix the remaining components of the four-form:
Σ̂aˆbˆcˆ
i
αˆ = −
1
3
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆ
βˆDβˆjL
ji , Σ̂aˆbˆcˆdˆ =
i
24
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆβˆDαˆjDβˆkL
jk . (2.7)
The highest component Σ̂aˆbˆcˆdˆ is closed by construction, as a consequence of the lin-
earity constraint (2.2). This closed four-form has recently appeared in the literature
[47].
It is possible to require that Σ̂ be an exact form, Σ̂ = dĈ, for some three-form Ĉ.
In the tangent frame,
Σ̂AˆBˆCˆDˆ = 4D[AˆĈBˆCˆDˆ} − 6T[AˆBˆ|
EˆĈEˆ|CˆDˆ} . (2.8)
Then the highest component Σ̂aˆbˆcˆdˆ is similarly exact.
2.2 The linear multiplet in flat 4D central charge superspace
The 5D derivatives can be decomposed into 4DN = 2 derivativesDA = (Diα, D¯
α˙
i , ∂a)
and a central charge ∂5,
Diαˆ = (D
i
α, D¯
α˙i) , ∂aˆ = (∂a, ∂5) , (2.9)
5We place a hat on Σ to distinguish it from the four-form Σ in 4D that we will introduce in the
next section.
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so that the supersymmetry algebra becomes
{Diα, D
j
β} = 2ε
ijεαβ∂5 , {D¯α˙i, D¯β˙j} = 2εijεα˙β˙∂5 , [D
i
α, D¯β˙j] = −2i δ
i
j(σ
c)αβ˙∂c ,
[Diα, ∂b] = [∂a, ∂b] = [D
i
α, ∂5] = [∂a, ∂5] = 0 . (2.10)
Any multiplet in flat 5D N = 1 superspace can naturally be written in 4D N = 2
superspace with a real central charge ∆ = ∂5. The linear multiplet L
ij , for example,
now obeys D
(i
αLjk) = D¯
(i
α˙L
jk) = 0. Its associated four-form multiplet ΣAˆBˆCˆDˆ naturally
decomposes into a four-form ΣABCD and a three-form HABC = Σ5ABC , which are
related by the 4D version of eq. (2.5),
0 = D[AΣBCDE} − 2T[AB|
FΣF |CDE} − 2T[AB|
5H|CDE} , (2.11)
0 = ∂5ΣABCD − 4D[AHBCD} + 2T[AB|
EHE|CD} . (2.12)
The 5D torsion T 5 := EB ∧ EATAB5 can be interpreted as the field strength of a
frozen vector multiplet associated with the central charge. In form notation, these
equations become
DΣ = H ∧ T 5 , DH = ∂5Σ , D := E
ADA , (2.13)
where D is the central charge covariant exterior derivative, obeying D2 = T 5∂5. The
three-form H has the components
Hαβγ = Hαβγ˙ = 0 , Ha
i
β
j
γ = Ha
i
β˙
j
γ˙ = 0 , Ha
i
β
j
γ˙ = 2(σa)βγ˙L
ij , (2.14a)
Hab
i
α = −
2i
3
(σab)α
βDβjL
ji , Hab
α˙
i = −
2i
3
(σ˜ab)
α˙
β˙D¯
β˙jLji , (2.14b)
Habc =
i
24
εabcd(σ˜
d)β˙α[Dαi, D¯β˙j]L
ij , (2.14c)
and the four-form Σ is6
Σαˆβˆγˆδˆ = 0 , Σaβˆγˆδˆ = 0 , Σab
i
α
j
β˙
= 0 , Σab
i
α
j
β = 4i(σab)αβL
ij , (2.15a)
Σabc
i
α = −
i
3
εabcd(σ
d)αβ˙D¯
β˙
j L
ji , Σabcd =
1
24
εabcd(DijL
ij + D¯ijL
ij) , (2.15b)
where Dij := Dα(iD
j)
α and D¯ij := D¯
(i
α˙ D¯
α˙j). One can check that the closure condition
(DH)abcd = ∂5Σabcd amounts to
−i∂β˙α[Diα, D¯
j
β˙
]Lij = ∂5(D
ijLij + D¯
ijLij) . (2.16)
6In 4D, we use a hatted spinor index to denote a four component spinor, e.g. ψαˆ = (ψα, ψ¯
α˙).
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What meaning can we give to these forms? The highest component of the four-
form, Σabcd, has an immediate physical interpretation: it is the Sohnius Lagrangian
(1.2), which associates to any linear multiplet Lij a supersymmetric action principle.
The meaning ofH , on the other hand, is clearest if we restrict to the case where Lij
is independent of the central charge, ∂5L
ij = 0. Then the linear multiplet becomes
a tensor multiplet. In this case H is a closed three-form DH = dH = 0, and
its components (2.14) coincide with the usual encoding of a tensor multiplet into a
closed three-form geometry. In particular, Habc is a closed three-form and dual to
a conserved vector since the right-hand side of (2.16) vanishes. In this case, H is
usually interpreted as the field strength of a two-form B.
Just as in 5D, we may restrict to the case where these superforms are exact. The
three-form potential Ĉ in 5D decomposes in 4D into a three-form potential C and a
two-form B,
CABC = ĈABC , BAB = −Ĉ5AB , (2.17)
so that H and Σ are given respectively by
HABC = 3D[ABBC} − 3T[AB|
DBD|C} +∆CABC , (2.18a)
ΣABCD = 4D[ACBCD} − 6T[AB|
ECE|CD} + 6T[AB
5BCD} , (2.18b)
or, equivalently,
H = DB +∆C , Σ = DC +B ∧ T 5 . (2.19)
These equations automatically satisfy the Bianchi identities (2.13). An interesting
consequence of the exactness condition is that one of the auxiliary components of the
linear multiplet becomes the dual of a four-form field strength,
DijL
ij + D¯ijL
ij = −4εabcd∂aCbcd . (2.20)
This equation holds even in the absence of a central charge, where it describes a
variant representation of the 4D N = 2 tensor multiplet obtained from the latter by
replacing one of its auxiliary scalars by the field strength of a gauge three-form [43].7
It turns out that the action (1.2) can be coupled to conformal supergravity. This
requires that the central charge be gauged, and the usual way this is done is with
an off-shell vector multiplet. The locally supersymmetric version of the action (1.2)
7This variant representation of N = 2 supersymmetry was called the “three-form multiplet” in
[43], by analogy with its N = 1 counterpart constructed by Gates [48].
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then corresponds to the bilinear coupling between a linear multiplet and the vector
multiplet that gauges the central charge.8 It is natural to ask how much of the above
structure survives in the presence of supergravity – and the answer turns out to be
all of it! In the next section, we will demonstrate how to construct a four-form Σ and
three-form H in the presence of 4D conformal supergravity with a central charge and
explain how the four-form Σ leads to the linear multiplet action principle [8].
3 The linear multiplet in conformal supergravity
It is well-known how to couple the linear multiplet (without a central charge) to
5D N = 1 conformal supergravity both in superspace [49] and at the component level
[50]. As our interest is mainly in its 4D manifestation, the most natural line of attack
would be to construct its superform in 5D superspace and then recast 5D superspace
as 4D superspace with a central charge. However, there is as yet no method to reduce
5D superspace to 4D in the presence of supergravity; indeed, this has been understood
at the component level only recently [51], where it was shown explicitly that off-shell
5D conformal supergravity corresponds to off-shell 4D conformal supergravity with
an additional vector multiplet. Therefore, instead of performing the reduction of
the linear multiplet directly, we will begin first in four dimensions and consider the
coupling of the linear multiplet to 4D conformal supergravity with a central charge.
There are several superspace formulations of 4D conformal supergravity, depend-
ing on the choice of the superspace gauge group. The formulation developed in [35]
gauges SO(3, 1)×SU(2)R and can be derived [37] from a formulation [34] which gauges
SO(3, 1)× U(2)R. Neither of these explicitly gauges dilatations or special supercon-
formal transformations; rather, both admit a super-Weyl invariance under which the
various connections and torsion superfields transform in a nonlinear fashion. A more
general superspace formulation exists [36] which gauges the full superconformal group
(the other approaches [34] and [35] can be obtained from [36] by imposing appropriate
gauge conditions, see [36] for more details).9 This superspace formulation, which has
been called N = 2 conformal superspace, is convenient to use only when multiplets
8When the linear multiplet is independent of the central charge, the action is just the supersym-
metric generalization of the topological BF coupling.
9When enlarging the structure group from SU(2)R [35] to U(2)R [34], the algebra of covariant
derivatives becomes more complicated and practically unsuitable for calculations. One might think
that enlarging the structure group further to the full superconformal group would make the algebra
unmanageable; instead, the algebra magically simplifies [36]. This is one of the main advantages of
this formulation.
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and actions transform in a well-defined way under the full superconformal group. The
linear multiplet falls into this class.
Throughout this paper, we make use of the superspace formulation [36] for N = 2
conformal supergravity. All of our results derived below can be extended to the other
two formulations, given in [34] and [35], by performing an appropriate gauge fixing
as described in [36].
The superspace is described by a supermanifoldM4|8 parametrized by local bosonic
(x) coordinates and local fermionic (θ, θ¯) coordinates zM = (xm, θµı , θ¯
ı
µ˙). The covari-
ant derivative ∇A = (∇a,∇iα, ∇¯
α˙
i ) is given by
∇A = EA +
1
2
ΩA
abMab + ΦA
ijJij + iΦAY +BAD+ FA
BKB , (3.1)
with EA = EA
M∂M the vielbein, ΩA the spin connection, ΦA
ij and ΦA the SU(2)R and
U(1)R connections, BA the dilatation connection, and FA
B the special superconformal
connection. We may extend the superspace to include a gauged central charge ∆,
[∆,∇A] = 0, which commutes with the superconformal generators,
0 = [Mab,∆] = [J
ij ,∆] = [Y,∆] = [D,∆] = [KA,∆] , (3.2)
by introducing gauge covariant derivatives
∇A := ∇A + VA∆ , ∆VA = 0 −→ [∆,∇A] = 0 . (3.3)
The gauge transformation of the connection VA is
δVA = −∇AΛ −→ δ∇A = [Λ∆,∇A] , ∆Λ = 0 , (3.4)
while the other connections, EA
M , ΩA
bc, etc. are inert under the central charge
transformation. We require a tensor superfield Ψ and its central charge descendants,
∆Ψ,∆2Ψ, . . . , to transform covariantly under the central charge
δΛΨ = Λ∆Ψ , δΛ∆Ψ = Λ∆
2Ψ , . . . , (3.5)
which implies that the central charge gauge parameter should itself be inert,
δΛ∆ = [Λ∆,∆] = 0 ⇐⇒ ∆Λ = 0 . (3.6)
Provided appropriate constraints are imposed [2], the one-form VA describes a vector
multiplet whose field strength is the reduced chiral superfield Z. For further details
and the algebra of covariant derivatives, we refer the reader to Appendix A as well
as the references [36, 39].
9
It is possible to interpret the central charge ∆ as a derivative in a fifth bosonic
direction, which can simplify some of the equations we will encounter. Let zMˆ denote
the coordinates of the superspace M4|8 × X where M is a four-dimensional N = 2
supermanifold parametrized by coordinates zM and X denotes the central charge
space parametrized by x5. The vielbein on this supermanifold is given by
EMˆ
Aˆ =
(
EM
A −VM
0 1
)
, EAˆ
Mˆ =
(
EA
M VA
0 1
)
, (3.7)
and depends only on the coordinates zM parametrizing M4|8. The connections asso-
ciated with the rest of the superconformal group are completely localized on M4|8,
ΩAˆ
ab = (ΩA
ab, 0) , ΦAˆ
ij = (ΦA
ij, 0) , etc. , (3.8a)
∂5ΩA
ab = 0 , ∂5ΦA
ij = 0, etc. (3.8b)
This choice for the vielbein and the other connections is preserved so long as we
restrict to x5-independent gauge transformations. We may then define
∇̂Aˆ := EAˆ
Mˆ∂Mˆ +
1
2
ΩAˆ
abMab + ΦAˆ
ijJij + iΦAˆY +BAˆD+ FAˆ
BKB , (3.9)
which possesses the algebra
[∇̂Aˆ, ∇̂Bˆ} = TAˆBˆ
Cˆ
∇̂Cˆ +
1
2
RAˆBˆ
cdMcd +RAˆBˆ
klJkl
+ iRAˆBˆ(Y )Y +RAˆBˆ(D)D+RAˆBˆ
CKC . (3.10)
Given the choices we have made for the vielbein and the connections, it is easy to see
that
∇̂A =∇A , ∇̂5 = ∂5 = ∆ , (3.11)
and so the algebra of covariant derivatives (3.10) becomes
[∇A,∇B} = TAB
C
∇C + FAB∆+
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC , (3.12a)
[∆,∇A] = 0 , (3.12b)
provided we make the identification FAB = TAB
5. This leads to
F = dV ⇐⇒ FAB = 2∇[AVB} − TAB
CVC , (3.13)
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with the Bianchi identity
dF = 0 ⇐⇒ ∇[AFBC} − T[AB|
DFD|C} = 0 . (3.14)
The algebra (3.12) is exactly that described in Appendix A. Naturally, the central
charge gauge transformation arises from a diffeomorphism in the x5-direction and
must be independent of x5 to preserve the form (3.7) for the vielbein. It should be
kept in mind that although this superspace is formally five-dimensional, it describes
only 4D N = 2 conformal supergravity with a central charge, and not 5D conformal
supergravity. We will refer to this superspace as central charge superspace.10
We generalize the flat linear multiplet by introducing a closed superspace four-
form Σ̂ in central charge superspace,
dˆΣ̂ = 0 ⇐⇒ ∇̂[AˆΣ̂BˆCˆDˆEˆ} − 2T[AˆBˆ|
Fˆ Σ̂Fˆ |CˆDˆEˆ} = 0 . (3.15)
This closed form decomposes into a four-form and a three-form when written in 4D
superspace. Denoting
ΣABCD = Σ̂ABCD , HABC = Σ̂5ABC , (3.16)
for a four-form Σ and a three-form H , the equation (3.15) decomposes into two
equations,
∇[AΣBCDE} − 2T[AB|
FΣF |CDE} = 2F[ABHCDE} , (3.17a)
4∇[AHBCD] − 2T[AB|
EHE|CD} = ∆ΣABCD , (3.17b)
which may equivalently be written
∇Σ = H ∧ F , ∇H = ∆Σ , (3.18)
where ∇ := EA∇A is the covariant exterior derivative of 4D superspace. The su-
performs H and Σ are required to transform as scalars under central charge gauge
transformations,
δΛHABC = Λ∆HABC , δΛΣABCD = Λ∆ΣABCD . (3.19)
Imposing the constraints
Hαβγ = Hαβγ˙ = 0 , Ha
i
β
j
γ = Ha
i
β˙
j
γ˙ = 0 , Ha
i
β
j
γ˙ = 2(σa)βγ˙L
ij , (3.20)
Σαˆβˆγˆδˆ = 0 , Σaβˆγˆδˆ = 0 , Σab
i
α
j
β˙
= 0 , (3.21)
10A related superspace involving a complex central charge was constructed in [52].
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we find that the superfield Lij must be a linear multiplet,
∇
(i
αL
jk) = ∇¯
(i
α˙L
jk) = 0 . (3.22)
The remaining components of H are given by
Hab
i
α = −
2i
3
(σab)α
β
∇βjL
ji , Habc =
i
24
εabcd(σ˜
d)α˙α[∇kα, ∇¯
l
α˙]Lkl , (3.23)
and those of Σ are given by
Σab
i
α
j
β = 4i(σab)αβZ¯L
ij , (3.24a)
Σabc
i
α = −
i
2
εabcd(σ
d)αα˙∇¯
α˙
j Z¯L
ij −
i
3
εabcd(σ
d)αα˙Z¯∇¯
α˙
jL
ij , (3.24b)
Σabcd =
1
24
εabcd(Z∇klL
kl + Z¯∇¯klL
kl + 3∇klZLkl
+ 4∇γkZ∇lγLkl + 4∇¯γ˙kZ¯∇¯
γ˙
l L
kl) . (3.24c)
These results can be compared with those in the previous section by setting∇A → DA
and Z → 1.
As in the flat case, two special situations are noteworthy. The first is if Lij is
taken to be independent of the central charge, ∆Lij = 0, then H is closed in the
usual sense,
∆Lij = 0 −→ dH = 0 , (3.25)
and Lij becomes a tensor multiplet. The second situation is if we choose the closed
form Σ̂ to be exact,
Σ̂ = dˆĈ ⇐⇒ Σ̂AˆBˆCˆDˆ = 4∇̂[AˆĈBˆCˆDˆ} − 6T[AˆBˆ|
EˆĈEˆ|CˆDˆ} . (3.26)
This implies that H and Σ are given in terms of a two-form BAB = −Ĉ5AB and a
three-form CABC = ĈABC ,
HABC = 3∇[ABBC} − 3T[AB|
DBD|C} +∆CABC , (3.27a)
ΣABCD = 4∇[ACBCD} − 6T[AB|
ECE|CD} + 6F[ABBCD} , (3.27b)
or, equivalently,
H =∇B +∆C , Σ =∇C +B ∧ F . (3.28)
As in the flat case, this leads to a variant representation for the linear multiplet
in 4D where one of its auxiliaries is the divergence of a vector. The supergravity
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generalization of eq. (2.20), however, is quite complicated, so we will not construct
it explicitly here. In the case that the conditions (3.25) and (3.26) are imposed
simultaneously, we obtain a variant realization of the tensor multiplet such that one
of its auxiliaries is replaced by the field strength of a gauge three-form. We can think
of this realization as a three-form multiplet in N = 2 conformal supergravity.
Now we would like to interpret Σabcd as (part of) a supersymmetric Lagrangian.
This turns out to be possible using the so-called ectoplasm formalism [40, 41]. The
key element of this approach is a superspace four-form J which is closed.11 The action
constructed by integrating J over the manifoldM parametrized by the physical coor-
dinates xm turns out to be automaticaly supersymmetric, which we will demonstrate
shortly.
In our case, Σ is not itself closed, but we may easily construct a related four-form
that is:
J := Σ + V ∧H . (3.29)
It is straightforward to check that J is closed,
dJ = dΣ + V ∧ dH − dV ∧H =∇Σ− V ∧∆Σ+ V ∧∇H − F ∧H = 0 , (3.30)
using eqs. (3.18). We can construct a supersymmetric action via the integration of
J over the manifold M:12
S =
∫
M
J =
∫
d4x e (∗J) , ∗J =
1
4!
εmnpqJmnpq . (3.31)
This action is automatically supersymmetric by virtue of the closure of J . The proof
is straightforward. Since supersymmetry is the combination of a superdiffeomorphism
and a gauge transformation, it suffices to show that the action is invariant separately
under superdiffeomorphisms and gauge transformations. First, we observe that a
superdiffeomorphism is a super Lie derivative:
δξJ ≡ LξJ ≡ ıξdJ + dıξJ = dıξJ , (3.32)
with the last equality following since J is closed. Provided that the manifoldM has no
boundary, the variation of the action is zero. Next, we consider gauge transformations.
Since J is a scalar under the superconformal generators (Lorentz, U(2)R, dilatation
11On a usual four-dimensional manifold, any four-form is closed trivially, but in superspace the
condition is nontrivial.
12We define the Levi-Civita tensor with world indices as εmnpq := εabcdea
meb
nec
ped
q.
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and special superconformal), the only nontrivial check involves the central charge
gauge transformation. We note that
δΛJ = δΛΣ + δΛV ∧H + V ∧ δΛH , (3.33)
but Σ and H both transform covariantly under central charge gauge transformations,
δΛΣ = Λ∆Σ and δΛH = Λ∆H , while V transforms as a connection, δΛV = −dΛ. So
we find
δΛJ = Λ∆Σ− dΛ ∧H + V ∧ Λ∆H = d(ΛH) . (3.34)
Once again J transforms into an exact form and so the action S is invariant.
We can now give the supersymmetric action explicitly. We identify
Jmnpq = Σmnpq − 4V[mHnpq] (3.35)
or equivalently,
∗J =
1
4!
εmnpqΣmnpq −
1
3!
εmnpqVmHnpq . (3.36)
The second term is a topological BF coupling; the first term is its supersymmetric
completion and is given by
1
4!
εmnpqΣmnpq| =
1
4!
εmnpqEq
DEp
CEn
BEm
AΣABCD|
=
1
4!
εabcd
(1
2
Σabcd + 2ψa
α
i Σ
i
αbcd +
3
2
ψb
β
jψa
α
i Σ
i
α
j
βcd
)
+ c.c.
= −
1
2
Fφ−
1
2
χαi λ
i
α −
1
16
ℓijXij +
i
4
ψαα˙
α
i (2χ¯
α˙iφ¯+ ℓijλ¯α˙j )
−
1
2
(σcd)γδψc
γ
kψd
δ
l ℓ
klφ¯+ c.c. , (3.37)
where
ℓij := Lij| , (3.38a)
χαi :=
1
3
∇
j
αLij| , χ¯
α˙i :=
1
3
∇¯
α˙
jL
ij | , (3.38b)
F :=
1
12
∇
ijLij| , F¯ :=
1
12
∇¯
ij
Lij| , (3.38c)
and
φ := Z| , λiα :=∇
i
αZ| , X
ij :=∇ijZ| . (3.39)
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The full action is
S = −
1
2
∫
d4x e
(
Fφ+ χαi λ
i
α +
1
8
ℓijXij +
1
6
εmnpqVmHnpq
−
i
2
ψαα˙
α
i (2χ¯
α˙iφ¯+ ℓijλ¯α˙j ) + (σ
cd)γδψc
γ
kψd
δ
l ℓ
klφ¯+ c.c.
)
, (3.40)
which agrees with [8]. (This action is equivalent to that given in [3] up to a gauge-
fixing.) The terms Vm andHnpq are understood as the projections of the corresponding
superforms. Up to a normalization factor, this is exactly the supersymmetric action
coupling a linear multiplet to the vector multiplet gauging the central charge.
4 A deformed linear multiplet
Now we turn to the main point of our paper: the generalization of the linear mul-
tiplet when the central charge is gauged by a more elaborate multiplet. We describe
first a superspace where the central charge connection itself transforms under the
central charge, reviewing the construction given recently in [45]. Then we reexamine
the structure of the coupled four-form Σ and three-form H to discover a generalized
version of the linear multiplet. This naturally implies a generalized version of the
action principle (3.40).
4.1 A large vector multiplet
Until now we have gauged the central charge using a normal N = 2 vector multi-
plet – that is, the vector multiplet was inert under the central charge. A generalization
immediately presents itself: we may choose the central charge gauge connection to
no longer be inert under ∆. We identify
∇A := ∇A + VA∆ , ∆VA 6= 0 , (4.1)
where ∇A is the original covariant derivative of conformal supergravity, while VA is
the gauge connection associated with ∆. The gauge transformation of VA is
δVA = −∇AΛ + Λ∆VA −→ δ∇A = [Λ∆,∇A] , ∆Λ = 0 . (4.2)
Unlike the gauge one-form VA, the gauge parameter is neutral with respect to the
central charge. As before, the central charge commutes with the other generators,
(3.2), but because ∆VA 6= 0, we find that [∆,∇A] 6= 0.
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A five-dimensional interpretation is even more useful now than before. Again, we
take the vielbein of the larger superspace to be
EMˆ
Aˆ =
(
EM
A −VM
0 1
)
, EAˆ
Mˆ =
(
EA
M VA
0 1
)
. (4.3)
We allow VA = EAMVM to depend on the fifth bosonic coordinate, but we take EAM
to be independent of x5 as before. The connections are given again by (3.8) and the
covariant derivative by (3.9), leading to
∇̂Aˆ = (∇A,∆) , ∆ = ∂5 . (4.4)
The algebra of covariant derivatives (3.10) now decomposes into
[∇A,∇B} = TAB
C
∇C + FAB∆+
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC , (4.5a)
[∆,∇A] = F5A∆ , (4.5b)
provided we make the identifications
F = T 5 ⇐⇒ FAB = TAB
5 , F5A = T5A
5 , (4.6)
which leads to
FAB = 2∇[AVB} − TAB
CVC , F5A = ∆VA = ∂5VA . (4.7)
The torsion tensor T 5 is closed by construction,
∇̂T 5 = 0 ⇐⇒ ∇̂[CˆTBˆAˆ}
5 − T[CˆBˆ|
DˆTDˆ|Aˆ}
5 = 0 , (4.8)
where ∇̂ := EAˆ∇̂Aˆ. This implies similar relations for F ,
∇[AFBC} − T[AB|
DFD|C} = F[AB|F5|C} , (4.9)
2∇[A|F5|B} − TAB
DF5D = ∆FAB . (4.10)
If we introduce the two-form F and the one-forms V and F5, defined by
F =
1
2
EB ∧ EAFAB , F5 = E
AF5A , V = E
AVA , (4.11)
then F and F5 can be written
F = dV +∆V ∧ V , F5 = ∆V , (4.12)
and the Bianchi identities become
∇F ≡ dF +∆F ∧ V = F5 ∧ F , ∇F5 ≡ dF5 +∆F5 ∧ V = ∆F , (4.13)
with ∇ := EA∇A.
Let us now impose constraints on the field strength F . In analogy to the x5-
independent case, we take13
F iα
j
β = 2εαβε
ijM¯ , F α˙i
β˙
j = −2ε
α˙β˙εijM , F
i
α
β˙
j = 0 , (4.14)
where M is a conformally primary superfield of dimension 1 and U(1) charge −2.
Analyzing the Bianchi identities, we find that M must obey two constraints,
∇
(i
α∇¯
j)
α˙ ln
(
M
M¯
)
= 0 , (4.15)
M¯∇ij
(
M
M¯
)
=M∇¯
ij
(
M¯
M
)
. (4.16)
The remaining components of F are then determined to be
Fa
j
β = −
i
2
(σa)β
α˙M¯∇¯
j
α˙ ln
(
M¯
M
)
, (4.17a)
Fab =
1
8
(σab)
αβ(M¯∇αβ
(M
M¯
)
+ 4M¯Wαβ) + c.c. , (4.17b)
F5
i
α =∇
i
α ln M¯ , (4.17c)
F5a = −
i
8
(σa)αα˙(∇
αk
∇¯
α˙
k lnM + ∇¯
α˙
k∇
αk ln M¯) . (4.17d)
It is straightforward to check that if VA is x5-independent, thenM becomes a reduced
chiral superfield Z.
This large vector multiplet has an interesting feature. Although [∆,∇A] = F5A∆
is nonzero, we can easily see that
[M¯∆,∇iα] = 0 , [M∆, ∇¯
α˙
i ] = 0 . (4.18)
4.2 Deformed linear multiplet
Now let us construct a deformation of the linear multiplet in four dimensions.
The constraints we will impose are quite cumbersome if we insist on a purely four
13Our definition of M differs by a factor of i from [45].
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dimensional superspace interpretation. In 4D superspace, we take a four-form Σ and
a three-form H to obey the constraints
∇Σ = H ∧ F , ∇H +H ∧ F5 = ∆Σ , (4.19)
which can equivalently be written
∇[AΣBCDE} − 2T[AB|
FΣF |CDE} = 2F[ABHCDE} , (4.20a)
4∇[AHBCD] − 2T[AB|
EHE|CD} + 4F5[AHBCD} = ∆ΣABCD . (4.20b)
Central charge superspace offers a more economical way of encoding the above equa-
tions. The superforms Σ and H may be placed within a single superform Σ̂,
ΣABCD = Σ̂ABCD , HABC = Σ̂5ABC . (4.21)
We require Σ̂ to be closed, which amounts to
0 = ∇̂[AˆΣ̂BˆCˆDˆEˆ} − 2T[AˆBˆ|
Fˆ Σ̂Fˆ |CˆDˆEˆ} . (4.22)
This equation is equivalent to the two equations (4.20).
By fixing some of the lowest components of Σ and H , one can show that they are
completely specified by a deformed linear multiplet Lij, obeying
∇
(i
α(M¯L
jk)) = 0 , ∇¯
(i
α˙(ML
jk)) = 0 . (4.23)
It is useful to introduce tilded derivatives defined as
∇˜
i
α = M¯
−1
∇
i
αM¯ ,
˜¯
∇
α˙
i =M
−1
∇¯
α˙
i M , (4.24)
so the conditions (4.23) can be more compactly written
∇˜
(i
αL
jk) = 0 , ˜¯∇(iα˙Ljk) = 0 . (4.25)
The components of the three-form HABC = Σ̂5ABC are
Hαˆβˆγˆ = 0 , Ha
i
β
j
γ = Ha
β˙
i
γ˙
j = 0 , Ha
i
β
γ˙
j = 2(σa)β
γ˙Lij , (4.26a)
Hab
i
α =
2i
3
(σab)α
γ
∇˜
k
γLk
i , Hab
α˙
i =
2i
3
(σ˜ab)
α˙
γ˙
˜¯
∇
γ˙
kL
k
i , (4.26b)
Habc =
i
24
εabcd(σ˜
d)γ˙γ[∇˜γj,
˜¯
∇γ˙k]L
jk (4.26c)
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and the components of the four-form ΣABCD = Σ̂ABCD are
Σαˆβˆγˆδˆ = Σaβˆγˆδˆ = Σab
i
α
β˙
j = 0 , (4.27a)
Σab
i
α
j
β = 4i(σab)αβM¯L
ij , Σab
α˙
i
β˙
j = −4i(σ˜ab)
α˙β˙MLij , (4.27b)
Σabc
i
α = −i εabcd(σ
d)αγ˙
(
1
2
M∇¯
γ˙
k
(M¯
M
)
Lki +
1
3
M¯ ˜¯∇γ˙kLki) , (4.27c)
Σabc
α˙
i = −i εabcd(σ˜
d)α˙γ
(
1
2
M¯∇kγ
(M
M¯
)
Lki +
1
3
M∇˜kγLki
)
, (4.27d)
Σabcd =
1
24
εabcd
(
M∇˜jkL
jk + 4M¯∇γj
(M
M¯
)
∇˜γkL
jk +
3
2
M¯∇jk
(M
M¯
)
Ljk + c.c.
)
.
(4.27e)
4.3 Locally supersymmetric action
Let us apply the ectoplasm method to the four-form constructed in the previous
subsection. The superform Σ obeys the equation
dΣ = H ∧ F −∆Σ ∧ V = d(H ∧ V) , (4.28)
so we can introduce the closed four-form
J := Σ−H ∧ V , (4.29)
which transforms under a central charge gauge transformation as an exact form,
δJ = Λ∆Σ− Λ∆H ∧ V −H ∧ dΛ = d(ΛH) . (4.30)
Then by the argument made in the previous section, we may define an action using
the Lagrangian
∗J :=
1
4!
εmnpqJmnpq =
1
4!
εmnpqΣmnpq −
1
3!
εmnpqVmHnpq . (4.31)
This is naturally supersymmetric and gauge-invariant. The explicit action is easy to
construct once we note the similarities between eqs. (3.20), (3.23) and eqs. (4.26) and
also between eqs. (3.21), (3.24) and eqs. (4.27). We need only make the identifications
ℓij := Lij| , (4.32a)
χαi :=
1
3
∇˜
j
αLij| , χ¯
α˙i :=
1
3
˜¯
∇
α˙
jL
ij | , (4.32b)
F :=
1
12
∇˜
ijLij| , F¯ :=
1
12
˜¯
∇
ijLij| , (4.32c)
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and
φ :=M | , λiα := M¯∇
i
α
(M
M¯
)
| , X ij := M¯∇ij
(M
M¯
)
| . (4.33)
The full action is then formally identical to the action (3.40)
S = −
1
2
∫
d4x e
(
Fφ+ χαi λ
i
α +
1
8
ℓijXij +
1
6
εmnpqVmHnpq
−
i
2
ψαα˙
α
i (2χ¯
α˙iφ¯+ ℓijλ¯α˙j ) + (σ
cd)γδψc
γ
kψd
δ
l ℓ
klφ¯+ c.c.
)
. (4.34)
The difference at the component level is that the supersymmetry transformation rules
of the large vector and deformed linear multiplets have been altered.
Of course, it is easily seen that if the large vector multiplet M is restricted to
be chiral, ∇¯
α˙
i M = 0, then it reduces to the usual vector multiplet.
14 Similarly, the
conditions on the deformed linear multiplet (4.23) reduce in this case to the usual
constraints (3.22) for a linear multiplet.
5 Applications and discussion
Until now we have made use of the superfield M with little comment as to its
physical content. It should be apparent that relative to the usual vector multiplet
Z, the multiplet M is quite enormous; and because it possesses nontrivial dilatation
and U(1)R weights, we cannot consistently eliminate either its modulus or its phase.
Nevertheless, there are several ways we might attempt to reduce it.
The simplest choice is (of course) to take M to be independent of the central
charge, which amounts to choosing M = Z for some vector multiplet and reducing
all of the structure in section 4 to that of section 3. A less trivial alternative is merely
to isolate the x5-dependence into either the modulus or the phase of M . The first
choice is to take
∂5(MM¯ ) 6= 0 , ∂5(M/M¯) = 0 . (5.1)
Examining the Bianchi identity (4.15), we see that it is solved by
M/M¯ = Φ/Φ¯ , (5.2)
14The chirality condition on M actually implies that M is independent of the central charge from
consistency of the anticommutator {∇¯
α˙
i , ∇¯
β˙
j }M = 0.
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for some chiral superfield Φ. But (4.16) then gives ∇ijΦ = ∇¯ijΦ¯ and so Φ is a reduced
chiral multiplet, Φ = Z. The Bianchi identities then tell us absolutely nothing about
the modulus of M .
Now consider the second choice,
∂5(MM¯ ) = 0 , ∂5(M/M¯) 6= 0 . (5.3)
The Bianchi identities tell us little about MM¯ , which is some real superfield with
dilatation weight two. But because MM¯ is x5-independent, we may treat it as a
conformal supergravity compensator. In this light, the most natural choice would
seem to be MM¯ = ZZ¯ for a vector multiplet Z. Making this choice for the modulus
of M , we identify the phase by setting
M = −iZe−iL (5.4)
for some real superfield L that depends on the central charge.15 The Bianchi identities
(4.15) and (4.16) then become
∇
(i
α∇¯
j)
β˙
L = 0 , eiL∇ij(Ze−2iL) = −e−iL∇¯
ij
(Z¯e2iL) . (5.5)
These equations are (some of) the constraints that define the variant vector-tensor
multiplet [45].
The variant vector-tensor multiplet has been defined recently in supergravity [45].
It is a generalization (both to supergravity and with more general couplings to vector
multiplets) of a multiplet introduced first by Theis [29, 30]. The simplest version
involves introducing the additional constraint [45]
e−iL∇ij(Ze2iL) = −eiL∇¯
ij
(Z¯e−2iL) . (5.6)
The superfield L obeying (5.5) and (5.6) describes the variant vector-tensor multiplet.
Its Lagrangian is constructed from a generalized linear multiplet Lij given by [45]
Lij =
i
2
e−iL∇ij(ZLe2iL)− eiLZ∇αiL∇jαL−
1
4
eiL∇ijZ + c.c. (5.7)
which can be shown to obey the constraints
0 = e−iL∇(iα(e
iLLjk)) = ∇˜(iαL
jk) , 0 = eiL∇¯
(i
α˙(e
−iLLjk)) = ˜¯∇(iα˙Ljk) , (5.8)
We refer the reader to [45] for a full discussion.
15The overall choice of phase ofM can be changed by redefining L. The choice made here matches
that used in [45].
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An alternative possibility is to use the variant vector-tensor multiplet (or some
other central charge multiplet M) to construct a new action involving a massless
Fayet-Sohnius hypermultiplet. Let us suppose qi is a superfield obeying the con-
straints
∇
(i
αq
j) = ∇¯
(i
β˙
qj) = 0 (5.9)
and similarly for its conjugate q¯i := (qi)
∗. We can introduce a composite variant
linear multiplet
Lij =
1
2
q¯(i
←→
∆ q
j) . (5.10)
By construction, Lij obeys
∇˜
(i
αL
jk) = ∇˜
(i
β˙
Ljk) = 0 (5.11)
and its action may be constructed directly using (4.34). As with the usual Fayet-
Sohnius hypermultiplet, this multiplet has the equation of motion ∆qi = 0 and so the
on-shell hypermultiplet decouples from the large vector multiplet.16
It has recently been shown at the component level [51] that 5D N = 1 conformal
supergravity can be dimensionally reduced off-shell to 4D N = 2 conformal super-
gravity coupled to a vector multiplet. One expects that this component construction
can be repeated at the superfield level and thereby connect 5D N = 1 superspace
directly to the central charge superspace we considered in section 3. A natural ques-
tion to ask is whether the more general central charge structure described in section
4, involving a large vector multiplet, has any significance from a 5D point of view. In
particular, can one construct actions in 5D which preferentially reduce in 4D so that
the central charge multiplet retains x5-dependence?
We are aware of no examples, but there is one interesting possibility. It was
pointed out in [46] that the nonlinear vector-tensor multiplet has a simple 5D origin,
at least in flat superspace. It was noted recently by two of us (DB and JN) [39] that
the generalization of the vector-tensor multiplet to conformal supergravity [20, 21] can
also be interpreted as arising from a certain 5D action. In both of these situations, the
central charge is gauged by the usual vector multiplet. However, the variant vector-
tensor multiplet [29, 30, 45] itself gauges the central charge, and so the central charge
16In the case that the central charge is gauged using a standard vector multiplet, the hypermultiplet
Lagrangian can include a mass term, Lij = 12 q¯
(i
↔
∆ qj) + im q¯(iqj) , with m a real mass parameter.
No mass term is allowed if a large vector multiplet is used.
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multiplet must retain x5-dependence. Should this variant VT multiplet possess a 5D
origin, it would provide just such an example.
We conclude this paper with a final comment. Within the superconformal tensor
calculus, the two main types of locally supersymmetric actions are: (i) the chiral
action; and (ii) the linear multiplet action. The ectoplasm construction for the chiral
action was given in [53]. The case of the linear multiplet action has been worked out
in the present paper.
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A Conformal supergravity in 4D N = 2 superspace
In this appendix, we briefly summarize the algebra of N = 2 conformal superspace
[36] as reformulated in [39].
A.1 N = 2 conformal superspace
The covariant derivative ∇A = (∇a,∇iα, ∇¯
α˙
i ) is given by
∇A = EA +
1
2
ΩA
abMab + ΦA
ijJij + iΦAY +BAD+ FA
BKB
= EA + ΩA
βγMβγ + Ω¯A
β˙γ˙M¯β˙γ˙ + ΦA
ijJij + iΦAY +BAD+ FA
BKB . (A.1)
Here EA = EA
M∂M is the supervielbein, ΩA
ab is the spin connection, and ΦA
ij and ΦA
are the SU(2)R and U(1)R connections, respectively. In addition, we have a dilatation
connection BA and a special superconformal connection FA
B.
The Lorentz generators Mab obey
[Mab,∇c] = 2ηc[a∇b] , [Mab,∇
i
α] = (σab)α
β∇iβ , [Mab, ∇¯
α˙
i ] = (σ˜ab)
α˙
β˙∇¯
β˙
i . (A.2)
As usual, they may be decomposed into left-handed and right-handed generators
Mαβ =
1
2
(σab)αβMab , M¯α˙β˙ = −
1
2
(σ˜ab)α˙β˙Mab , (A.3a)
Mab = (σ
ab)αβMαβ − (σ˜
ab)α˙β˙M¯α˙β˙ , (A.3b)
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which act only on undotted and dotted indices, respectively
[Mαβ ,∇
i
γ] = εγ(α∇
i
β) , [M¯α˙β˙, ∇¯γ˙i] = εγ˙(α˙∇¯β˙)i . (A.4)
The SU(2)R, U(1)R and dilatation generators obey
[Jij ,∇
k
α] = −δ
k
(i∇αj) , [Jij, ∇¯
α˙
k ] = −εk(i∇¯
α˙
j) ,
[Y,∇iα] = ∇
i
α , [Y, ∇¯
α˙
i ] = −∇¯
α˙
i ,
[D,∇a] = ∇a , [D,∇
i
α] =
1
2
∇iα , [D, ∇¯
α˙
i ] =
1
2
∇¯α˙i . (A.5)
The special superconformal generators KA = (Ka, Sαi , S¯
i
α˙) transform in the obvious
way under Lorentz and SU(2)R generators,
[Mab, Kc] = 2ηc[aKb] , [Mab, S
γ
i ] = −(σab)β
γSβi , [Mab, S¯
i
γ˙] = −(σab)
β˙
γ˙S¯
i
β˙
,
[Jij , S
γ
k ] = −εk(iS
γ
j) , [Jij , S¯
k
γ˙ ] = −δ
k
(iS¯γ˙j) , (A.6)
and carry opposite U(1)R and dilatation weight to ∇A:
[Y, Sαi ] = −S
α
i , [Y, S¯
i
α˙] = S¯
i
α˙ ,
[D, Ka] = −Ka , [D, S
α
i ] = −
1
2
Sαi , [D, S¯
i
α˙] = −
1
2
S¯iα˙ . (A.7)
Among themselves, the generators KA obey the algebra
{Sαi , S¯
j
α˙} = 2iδ
j
i (σ
a)αα˙Ka . (A.8)
with all the other (anti-)commutators vanishing.
Finally, the algebra of KA with ∇B is given by
[Ka,∇b] = 2δ
a
bD+ 2M
a
b ,
{Sαi ,∇
j
β} = 2δ
j
i δ
α
βD− 4δ
j
iM
α
β − δ
j
i δ
α
βY + 4δ
α
βJi
j ,
{S¯iα˙, ∇¯
β˙
j } = 2δ
i
jδ
β˙
α˙D+ 4δ
i
jM¯α˙
β˙ + δijδ
β˙
α˙Y − 4δ
β˙
α˙J
i
j ,
[Ka,∇jβ] = −i(σ
a)β
β˙S¯j
β˙
, [Ka, ∇¯β˙j ] = −i(σ
a)β˙βS
β
j ,
[Sαi ,∇b] = i(σb)
α
β˙∇¯
β˙
i , [S¯
i
α˙,∇b] = i(σb)α˙
β∇iβ , (A.9)
where all other (anti-)commutations vanish.
The algebra of covariant derivatives has the form
[∇A,∇B} = TAB
C∇C +
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC . (A.10)
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We impose constraints on the curvatures appearing on the right-hand side to repro-
duce the component structure of conformal supergravity [36]. The resulting algebra
is given by
{∇iα,∇
j
β} = 2ε
ijεαβW¯γ˙δ˙M¯
γ˙δ˙ +
1
2
εijεαβ∇¯γ˙kW¯
γ˙δ˙S¯k
δ˙
−
1
2
εijεαβ∇γδ˙W¯
δ˙
γ˙K
γγ˙ , (A.11a)
{∇¯α˙i , ∇¯
β˙
j } = −2εijε
α˙β˙W γδMγδ +
1
2
εijε
α˙β˙∇γkWγδS
δ
k −
1
2
εijε
α˙β˙∇γγ˙Wγ
δKδγ˙ , (A.11b)
{∇iα, ∇¯
β˙
j } = −2iδ
i
j∇α
β˙ , (A.11c)
[∇αα˙,∇
i
β] = −iεαβW¯α˙β˙∇¯
β˙i −
i
2
εαβ∇¯
β˙iW¯α˙β˙D−
i
4
εαβ∇¯
β˙iW¯α˙β˙Y + iεαβ∇¯
β˙
j W¯α˙β˙J
ij
− iεαβ∇¯
i
β˙
W¯γ˙α˙M¯
β˙γ˙ −
i
4
εαβ∇¯
i
α˙∇¯
β˙
kW¯β˙γ˙S¯
γ˙k +
1
2
εαβ∇
γβ˙W¯α˙β˙S
i
γ
+
i
4
εαβ∇¯
i
α˙∇
γ
γ˙W¯
γ˙β˙Kγβ˙ , (A.11d)
[∇αα˙, ∇¯
β˙
i ] = iδ
β˙
α˙Wαβ∇
β
i +
i
2
δβ˙α˙∇
β
iWαβD−
i
4
δβ˙α˙∇
β
iWαβY + iδ
β˙
α˙∇
βjWαβJij
+ iδβ˙α˙∇
β
iW
γ
αMβγ +
i
4
δβ˙α˙∇αi∇
βjWβ
γSγj −
1
2
δβ˙α˙∇
β
γ˙WαβS¯
γ˙
i
+
i
4
δβ˙α˙∇αi∇
γ
γ˙WβγK
βγ˙ . (A.11e)
We have not given the algebra of two vector covariant derivatives since it may straight-
forwardly be derived as a consequence of the above (anti)-commutators. The result
is given in [36].
The curvatures are characterized by a single complex superfield Wαβ , which is
the superconformal Weyl tensor. It is symmetric (Wαβ = Wβα), superconformally
primary (KAWαβ = 0), chiral (∇¯α˙i Wβγ = 0), and obeys the Bianchi identity
∇αβW
αβ = ∇¯α˙β˙W¯α˙β˙ , (A.12)
where we introduce the notation
∇αβ := ∇
k
(α∇β)k , ∇¯
α˙β˙ := ∇¯(α˙k ∇¯
β˙)k . (A.13)
A.2 Conformal supergravity and central charge
As in, e.g. [39] we can introduce a central charge gauged by an off-shell vector
multiplet. First, we introduce a modified covariant derivative:
∇A := ∇A + VA∆ , (A.14)
where VA(z) is the gauge connection and ∆ is a real central charge. We assume that
the central charge commutes with the modified covariant derivative, [∆,∇A] = 0,
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which allows us to treat it completely analogously to a U(1) generator as far as the
algebra is concerned.
The curvature tensors are given by
[∇A,∇B} = TAB
C
∇C + FAB∆+
1
2
RAB
cdMcd +RAB
klJkl
+ iRAB(Y )Y +RAB(D)D+RAB
CKC . (A.15)
We then impose the constraints for the vector multiplet, using Z to denote the cor-
responding abelian field strength,
F iα
j
β = 2εαβε
ijZ¯ , F α˙i
β˙
j = −2ε
α˙β˙εijZ , F
i
α
β˙
j = 0 , (A.16a)
Fa
j
β = −
i
2
(σa)β
γ˙
∇¯
j
γ˙Z¯ , Fa
β˙
j =
i
2
(σa)γ
β˙
∇
γ
jZ , (A.16b)
Fab =
1
8
(σab)αβ(∇
αβZ + 4W αβZ¯)−
1
8
(σ˜ab)α˙β˙(∇¯
α˙β˙
Z¯ + 4W¯ α˙β˙Z) , (A.16c)
where Z is a reduced chiral primary superfield with dimension 1 and U(1) weight −2
KAZ = 0 , DZ = Z , YZ = −2Z ,
∇¯iα˙Z = 0 , ∇
ijZ = ∇¯ijZ¯ . (A.17)
Our normalization for Z has been chosen so that in the flat limit taking Z → 1 allows
the identification of the central charge curvature F with the five-dimensional torsion
tensor T 5.
B N = 1 BF coupling via ectoplasm
In this appendix, we briefly discuss how to use the ectoplasm method to construct
the BF action in N = 1 conformal supergravity corresponding to
SBF =
∫
d4x d4θ E LV (B.1)
where V is a vector multiplet prepotential and L is a real linear multiplet obeying
∇2L = ∇¯2L = 0 . (B.2)
We work in N = 1 conformal superspace [54] but use the Lorentz conventions con-
sistent with the rest of the paper.17
17The standard formulation of N = 1 conformal supergravity [34] can be obtained from this
formulation by an appropriate gauge-fixing [54, 55].
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Let Σ be a superspace four-form obeying the equation
dΣ + F ∧H = 0 (B.3)
for closed two-form F and closed three-form H . The field strength F is given by
Fβˆαˆ = 0 , Fβa = (σ
a)ββ˙W¯
β˙ , Fβ˙a = (σ
a)ββ˙W
β , (B.4a)
Fba =
i
2
(σba)
αβ∇βWα −
i
2
(σ˜ba)α˙β˙∇¯
β˙W¯ α˙ , (B.4b)
where Wα is a reduced chiral spinor obeying ∇αWα = ∇¯α˙W¯ α˙. The three-form H is
given by
Hγˆβˆαˆ = 0 , Hγβa = Hγ˙β˙a = 0 , Hγβ˙a = 2i(σa)γβ˙L , (B.5a)
Hγba = −2(σba)γ
δ∇δL , Hγ˙ba = −2(σ˜ba)γ˙δ˙∇¯
δ˙L , (B.5b)
Hcba = −
1
4
εdcba(σ˜
d)α˙α[∇α, ∇¯α˙]L . (B.5c)
If we constrain certain components of the four-form Σ to be zero, we find
ΣδˆγˆβˆA = 0 , (B.6a)
Σδγba =
1
16
(σba)δγ Y¯ , Σ
δ˙γ˙
ba =
1
16
(σ˜ba)
δ˙γ˙Y , Σδγ˙ba = 0 , (B.6b)
Σδcba = −
1
16
εdcba(σ
d)δδ˙(∇¯
δ˙Y¯ − 16i W¯ δ˙L) , (B.6c)
Σδ˙cba = +
1
16
εdcba(σ˜
d)δ˙δ(∇δY + 16iWδL) , (B.6d)
Σdcba = εdcba
( i
64
(∇2Y − ∇¯2Y¯ )−W α∇αL− W¯α˙∇¯
α˙L−
1
2
L∇αWα
)
, (B.6e)
where Y is a chiral superfield. The Y -dependent pieces of Σ correspond to a closed
four-form Σc, which was constructed in [41] (see also [53]) and generates a chiral action
in N = 1 supergravity. This closed four-form Σc coincides with the field strength of
a gauge three-form in the case that Y = ∇¯2X with X = X¯ [48, 56].
Now we introduce a closed four-form J
J := Σ + A ∧H , dJ = dΣ− dA ∧H = 0 . (B.7)
The four-form Jmnpq,
Jmnpq = Σmnpq − 4A[mHnpq] , (B.8)
then gives a supersymmetric four-form action. Neglecting gravitinos, we find
1
4!
εmnpqJmnpq =
i
64
(∇2Y − ∇¯2Y¯ )−W α∇αL− W¯α˙∇¯
α˙L−
1
2
L∇αWα
−
1
4
Aα˙α[∇α, ∇¯α˙]L+O(ψ) . (B.9)
27
If we further constrain Y = 0, this is exactly the component Lagrangian for the action
(B.1) under the identifications Wα = −
1
8
∇¯2∇αV and Aαα˙ = −
1
4
[∇α, ∇¯α˙]V .
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